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Overview: The Mai

* Helicity PDF’s obey novel,
intricate small-x quantum
evolution equations.

0.5
* Small-x evolution leads to a 0.4
potentially sizeable 0.3}

contribution to the proton spin. %%
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Motivation: The Small-x Limit of PDF’s

Dulat et al., Phys. Rev. D93 (2016) no.3 033006

* Unpolarized PDF’s show a power-law
growth of gluons and sea quarks at s
small x due to (BFKL) quantum
evolution. O ______
EANG
P 2
* The cascade of small-x gluons drives ™ :
up the color-charge density, Soor oo oot 0o o1 ox
enhanCing mUItipIe Scattering' M.S., Ph.D. Thesis, arXiv:.’;407.4047
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* The high-density limit is
characterized by the saturation of
the gluon distribution.
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Motivation: Helicity PDF’s at Small x

* In contrast, helicity PDF’s are
suppressed with power-law tails.

 The small-x evolution of helicity PDF’s
was studied by BER, predicting a
growth at small x

Bartels, Ermolaev, and Ryskin, Z. Phys. C72 (1996) 627

x Aq ~ (l)0'2 for (Q° =10 GeV*?

X

* Could the small-x region make an
important contribution to the proton
spin?

* Could saturation physics be relevant?

de Florian et al., Phys. Rev. D80 (2009) 034030
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L x(Au + Au) 1+ x(Ad + Ad)

adapted from Aschenauer et al.,
Phys. Rev. D92 (2015) no.9 094030
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Polarized DIS at Small x

* |n DIS at small x, quark dipole d dQ7 3 Ty
scattering dominates over quark W o §
“ ” gz 2000008
knockout”. — N : f N —
VAR 1\

PDF’s at small x are described by
dipole scattering amplitudes.

g1 (2, Q) = / dr= e 7 (pS| B (0) L2 () pS)

Polarized PDF’s at small x are

described by polarized dipole V. —Pexp lig/dﬁﬁ—(ﬁ?()_’%)_
scattering amplitudes. / -

ol . A— — |
VPO # Pexp [zg det A= (27,07, 21)

Ve, (0) = Vi, +aVP
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he Polarized Dipole Amplitude

e C(Calculate the polarized dipole amplitude by
relating it to a dipole cross-section.

* Explicitly scale out energy suppression of
initial conditions:

Gio = 2—]1\70<<TT[VOV1pOH + leOlVOT]»

= 5 (@0 Ad) + [ (Agr, g5™)]

Calculate the Born initial conditions

to quantum evolution. _  _ .
T1lij =TLi— TL,j

GO (22, zs) = agﬁcF” [Cpln 25 — 2In(zs )]
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Origins of Helicity Evolution

Helicity evolution is driven by parton -

splitting functions which transfer spin
to small x.

< polT /dZQ/d2 (OZSCFQ i ><VpolT( )> _){> " b j(

212z 134 |
||
1
Y Y
Z18 zZ28
. ozs Cr dzg da:21 o
10 (Zl ) ZC 21 (22 ) adapted from Aschenauer et al.,
21 Phys Rev. D92 (2015) no.9 094030
1 Lt UL U A AR UL B

Helicity evolution is double . | ]
logarithmic, stronger than asln® o ~1 M Couldit ]
unpolarized evolution

['dx AZ(x,Q%)
xAs
1

6

Can strong quantum evolution reduce or 1 1
offset the suppression of helicity at small x? 0 107 100 100 100 00
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Helicity Evolution: The Bottom Line

Soft polarized gluon splitting: 9(:13%0 — x%l)

Infrared
phase space!

Soft polarized quark splitting:  0(x7,2 — x3,2")

Soft unpolarized gluon splitting: H(x%O — x%l)
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The Need for Large-Nc Limit

Helicity evolution leads to an
infinite hierarchy of operators

The large-Nc limit closes the
hierarchy but neglects quarks

But due to competing phase
spaces, not all dipoles are
independent!

Dependence on a neighbor dipole’s size!

T [tbvbta VlT] (Ugol)ba
TriVoVP T — 3 Tr[VoVi Tr[Vy VPO

Tr[VoVy Tr[Va VPt

Tr[VoVPo] — Tr[Vy Vol

2

/! 2 2
51332,2‘ << 33212 VS. .CU32 << 3702
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The Large-Nc Equations

ozsN dz dx2
G(”ﬁo» Z) - G(O) (x%Ov ) / = 51310, x%lv ) + SG(:’U%D Z/)]

3
xlos
_ o Gttt D
F(x%m 51331, Z/) — G(O) (x%Oa z/) + a; - Z// 33232 [F(x%m 33%2, Z”) + 3G($§2, Z/’)]
s < I39

1

2
.CL'lOS

—_

I\
V)

* System of equations for the dipole + “neighbor dipole”
* Neighbor dipole differs due to competing phase space constraints

o Initial conditions: G (22, zs) = %<

“[Crln 25 — 2In(zs 7))
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Attempting an Analytical Solution

/

n n

G(s10,m) = G(O)(slo,n) -+ /dn/ / dso1[L(s10,821,1) + 3G(s21,1")]

S10 S10

77/ n//
P(Sm, 821,77/) = G(O)(Slo, 77/) =+ / d77" /d832 [F(Slm 532, 77”) + 3G(832,77H)]

S$10 max[s10,521+n"" —n’]

 Change to rescaled logarithmic variables _ fasNe, 1
%ij = 2T nacngz
. . a.N Z(/,H)

e Standard technique: Laplace/Mellin 0" = e 2
7 S

transform + saddle point approximation

0. @) oo

d d\
G(s10,m) = Q—:iew”/Q—me)‘slo G\ > GwA:/dSm G_ASIO/dne_w" G(s10,m)
0 0

* Fails because the neighbor dipole couples
the arguments in Mellin space!
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Resorting to a Numerical Solution

* Resort to discretizing on a =180 —0...N N = mazx
: . : s. —iAp Y A
grid and solving numerically j= e "l
(0) — <
. G?, — Gz —|— A 2 F’L"L" i/ —|— SG,L/ i/
* Choose endpoints to $7 T T JZ:Z:[ / 4
allow an iterative o i J
. FZ ) — G’L ‘|—A Fii/ i’ +3GZ’ i/
solution b =Gy + A1) > [Ty, ]

>/

Jj'=ti'=max[i,k+7 —j]

For fixed grid parameters (An,nm.), We can calculate the polarized
dipole starting from the initial conditionsatn = 0.
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Extracting the Small-x Asymptotics

Intercept for G
Intercept

2.0
1.5}
1.0+

0.5¢

' S|
5 10 15 o

* Evolve in 1) until the asymptotic
power-law behavior sets in.

* Fitthe slope of In G in the upper — 9
25% of the 1) range to extract the =N T g, InG
intercept (power) . l

* For a given set of grid parameters,

A maix
we obtain the intercept (AN, Nmaz)
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Extrapolating to the Continuum

* We can scan the grid parameter
space up to a computational limit on
the grid size: N = 2= =500

* The physical point is (A7, Mmaz) — (0, 00)

* Fit all “data points” to a continuous
function ap, (AN, Nmas)

an (AN, Nmax) = A(An) + B(An)?
+C(5 )+ D(50)

Nmazx Nmazx

* Use an AlC-weighted average to (A1), Nmas) jégimB +1C()§77)D
extrapolate to the physical point. 17 s

Akaike, IEEE Transactions on Automatic Control, 19 (6) 716 (1974)
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Our Result: The SmaII-x Tail

Aq(x, Q%) ~
91(55 Q2 ‘ > Intercept

1
AX(Q?) E/O dr Aq(z, Q?)

O

e Our results (flavor-singlet , pure a, = 2.31 /agf:fc
glue, large-Nc):

* Fixed coupling:

Q2 =3 GeV? Q% =10 GeV?

 First QCD constraint on the small-
X limit of the helicity PDF’s!

a, = 0.936 a, = 0.797

* Flavor non-singlet case does not

NS os N,
couple to gluons (40% smaller) aj " = V2

27
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A Surprising Discrepancy

— LOBFKL (all twist)
* Ourresults (pure glue, large-Nc): ~ mercepe P
__,_—" - - = aj (this work)
ap = 2.31 055_7]:% 25 .—. a, (BER)
2.0}

e
.-
-
-
.-

1.5}
Bartels, Ermolaev, and Ryskin, Z. Phys. C72 (1996) 627 1.0

S mmmmmmmmemmemspefirmmemcmmsmmsmemsemmeemeo e TR el —————

* BER (pure glue, Nc-independent): 05! .

0.1 0.2 0.3 0.4 0.5

ap = 3.664/ 2t

for Q% =10 GeV?

* Our interceptis 35% smaller than BER Ax /1dquN /dw )09
and generally integrable as x — 0. 0 0 =

Us: converges!

* Asimilar decrease is seen fromthe all- Ay - /1dach N /dm =
twist to leading-twist BFKL intercept.... ’ BER: diverges!
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Implications for the Proton Spin Puzzle

* Qur intercept can be combined
with PDF fits to estimate the small-

X contribution to the proton spin.

* The small-x tail can make a
potentially large contribution!

e But... depends strongly on the
approach to small x:

» Onset of small-x behavior...

» Assumptions about flavor
symmetry in the sea...

» Strange quark
fragmentation functions...

A Z[Xmin](Qz)
0.5

0.4;
0.3}
0.2;

0.1t

Adolph et al., Phys. Lett. B753

(2016) 18

1078

Q? = 3 (GeV/c)?

X As(x)

-0.01F
-0.02
-0.03

-0.04

0.02

-0.02

-0.04

de Florian et al., Phys. Rev. D80
(2009) 034030

[ XAs

[ %% Ay’=1 (Lagr. multiplier) |

[ I Ay’=1 (Hessian)

2 ]
10 107 x
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M. Sievert

Conclusions

Intercept
3.0t

Our numerical solution gives the first

QCD constraints on the small-x
asymptotics of helicity PDF’s.

The enhancement we find at small x
is 35% smaller than in the literature.

Can make a substantial contribution

to the proton spin puzzle.

This result needs to be incorporated

from the ground level in the next-
generation PDF fits.
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Outlook: Future Directions

* Show that the same intercept describes the
gluon helicity PDF at small x. (in progress)

* Include quarks by taking the large Nc + Nf
limit. (cumbersome but straightforward)

* Leading-log evolution and
saturation corrections (hard...)

Un-Polarized

)

* Other polarization observables
(the sky’s the limit!)

-0 - O,

Sivers

| Nucleon Polarizatic

S Couldlit ]
é“"Q\T 5

Quark Polarization

Longitudinally Polarized = Transversely Polarized

L) m

Helicity
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Backup Slides:

The Disagreement with BER

Bartels et al., Z. Phys. C72 (1996) 627
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What Do BER Do?

Attempt to re-sum mixed logarithms of x and Q2.
(s)" (b (In(1/2))*" + b1 (In(1/2))*"  In(Q /i) + ... + bo(In(1/2))" (In(Q*/p*))"

They also have both ladder and non-ladder gluons
(the primary source of our complexity)

Their calculation uses Feynman gauge (we use light-cone gauge).
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What are BER’s Equations?

* Transform the spin-dependent part of

the hadronic tensor to Mellin space: I3 = /

Write down “infrared evolution s,

. - . w+ —)R =
equations” in Mellin space: ( (9y)

Obtained coupled matrix equations

which can be solved analytically Fy = ( o
g9q
2 2 C
g g 1 G, = A
F()(U)) = ZMO — 27T2w2 G()Fg(LL)) + 87T2(,¢)F0(w)2 0 ( O
2 2
_ 9 gCa d 1 2
Fe = W M + 82w dw Fy(w) + 8m2w Fy(w)
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BER’s Solution

 They obtain an analytic expression, with the intercept determined
by the eigenvalues of their matrices.

W2 2+ Q2

©8ver (In(1/z))3/2
ws = zs\/ s N /2T
* But all the complexity actually \

2 = 3.45 (ny =4)
z = 3.66 pure glue

gl(x7 Qz)

(89,85 Rl ) 1|1+ O

o)

only leads to a small effect
compared to the ladder

graphs. — 381 (nj=4
Ladder only: |~ 381 =4

Zg — pure glue

* We agree on the ladder part, but we seem to include
additional diagrams which lead to a larger effect.
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Diagrammatic Discrepancies

Us: All Cancel

BER: B+C =0 for k3 > k?p,
A = nonvanishing contribution

” Nonvanishing
Contribution

= Not considered by BER?
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Anomalous Dimensions

e They reproduce the DGLAP anomalous dimensions to NLO (and
beyond)...

BL

(1) (CES )2 1 32031 — 160FTf —160ATJC — SCFTJC
T8 T N 6CACr +8C2  4C% — 16CpTy + 5Cx

* We also reproduce the G/G anomalous dimension in the large-Nc
limit...

(1) _(2s\ o2 ]
Vs.66(w) = (%) 8Nc25
 Whatever diagrams they exclude do not miss any leading
logarithms of Q2...

* Perhaps our disagreement is over higher-twist corrections? That
would explain our 35% smaller intercept....
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